We investigate the color coherence pattern between initial and final state radiation in the presence of a QCD medium. We derive the medium-induced gluon spectrum of an "asymptotic" parton which suffers a hard scattering and subsequently crosses the medium. The angular distribution of the induced gluon spectrum is modified when one includes interference terms between the incoming and the outgoing parton at finite angle between them. The coherent, incoherent and soft limits of the medium-induced gluon spectrum are studied. In the soft limit, we provide a simple and intuitive probabilistic picture which could be of interest for Monte Carlo implementations. The configuration studied here may have phenomenological consequences in high energy nuclear collisions.
I. INTRODUCTION
Coherence of soft gluon radiation is one of the most important and remarkable properties of perturbative QCD. As an intrinsic quantum phenomenon, coherence arises from destructive interferences leading to a suppression of the spectrum in some regions of the available phase space. A well-known effect is the suppression of large angle radiation that translates into angular ordering of subsequent gluon emissions in a parton cascade and that produces, in particular, the experimentally confirmed [1, 2] hump-backed plateau of the single inclusive distribution of hadrons inside a jet.
Among the most important high energy processes where QCD coherence effects play an important role is in the formation of final hadronic states in DIS. In DIS it is necessary to analyze the branching of the incoming parton that is formed long before the hard interaction with the virtual photon and corresponds to a space-like cascade, together with the emissions from the parton outgoing from the hard interaction. The effect of coherence leads to a picture of soft bremsstrahlung emission with angular ordering. Space-like parton branchings determine the behavior of the fragmentation in DIS and the structure of the final hadron states in Drell-Yan and hight-p T processes, among other observables [3] [4] [5] .
Not much is known about modifications to this vacuum coherence pattern in the presence of a spatially extended QCD medium. Most of the efforts performed during last fifteen years have been concentrated on the medium modifications for the gluon inclusive spectrum off a fast parton without including coherence among different emitters [6] [7] [8] [9] [10] [11] . Recently, an interesting approach to address the problem of coherence effects in the presence of a QCD medium from first principles has been started [12] [13] [14] [15] [16] [17] [18] . These works studied gluon emission off aantenna, of opening angle θ, immersed in a QCD medium of length L. Different configurations of the antenna being either a color singlet or a color octet state for both the massless [12, 13] and the massive case [14] for dilute medium, as well as for an opaque medium both in the soft gluon sector [15] and for finite gluon energies [16] [17] [18] , were considered.
The emerging picture presents an intriguing and interesting structure of the interference process in the presence of a QCD medium. On the one hand, the medium induces a partial decoherence of theantenna which opens the phase space for QCD radiation at large angles, a property which was called anti-angular ordering [12] in the soft limit. This decoherence is total for a dense medium in which the quark and the antiquark emit independently, even forgetting about their original color configuration being an octet or a singlet. On the other hand, the behavior of the spectrum is defined by the hardest scale in the problem defined as Q hard = max r −1 ⊥ , m D , so that Q hard indicates the maximum transverse momentum k T of the emitted gluons. Here r ⊥ = θL is the typical size of the dipole and m D is the Debye mass of the medium [28] .
In this letter, we extend the studies of coherence effects inside a QCD medium to a different configuration, namely a space-like (t-channel) scattering process. We consider a very simple setup where an "asymptotic" parton created in the remote past suffers a hard scattering and subsequently traverses a QCD medium of finite size. For simplicity, we limit ourselves in this work to the dilute regime case. We calculate the medium modifications to the inclusive gluon spectrum by including not only the independent gluon emissions of an incoming and outgoing parton but also the interferences between both emitters at finite angle between them. We study and give physical interpretations to the soft, coherent and incoherent limits of the medium-induced gluon spectrum. This work is organized as follows: In Sect. II we briefly review of the radiation pattern of the initial state radiation in vacuum, using semi-classical methods that is an appropriate framework to derive the gluon spectrum. In Sect. III we calculate the medium-induced gluon spectrum for our selected setup. In Sect. IV we study the coherent, incoherent and soft limit of the medium-induced gluon spectrum. Finally, we present our conclusions and provide an outlook in Sect. V.
II. VACUUM EMISSION PATTERN OF RADIATION
In this section we briefly describe the vacuum emission pattern of the initial state radiation, restricting ourselves to the color singlet case for simplicity. Thus, we consider a deep inelastic scattering process with a highly virtual photon as the t-channel exchange, that we denote hard scattering in the following. We introduce the semi-classical methods to calculate the scattering amplitudes [19] [20] [21] [22] as well as the notation followed in this work. In the classical limit, the inclusive spectrum of a radiated on-shell gluon with 4-momentum k = (w, k) is given by
The scattering amplitude is obtained from the classical gauge field through the reduction formula
The classical gauge field, A µ ≡ A 
with Q in(out) a the color charge of the in(out)coming parton and an overlining¯is used hereafter to denote the momentum and related quantities of the outgoing quark. By current conservation, one has that Q 
. By linearizing the CYM equations, the solution of the classical gauge field at leading order in momentum space reads
where we introduce the transverse vector
This vector describes the transverse momentum of the gluon relative to the one of the incoming quark (an analogous definition follows for the outgoing quark). In addition, we define the momentum fractions carried out by the emitted gluon with respect to the parent quark, x and x, as x = k + /p + andx =k + /p + respectively. Taking the solution of the classical gauge field (4) into the reduction formula (2) and summing over the physical polarizations, the vacuum spectrum of the inclusive gluon spectrum (1) for the singlet case results
where (an analogous definition follows for P vac out )
R in corresponds to the independent hard emission of the incoming quark and J is the interference between the two emitters. The inclusive gluon spectrum (5) presents soft and collinear divergences. In addition, the spectrum is suppressed at large angles due to destructive interference effects between the emitters. This can be seen clearly by considering inclusive quantities. For instance, by taking the azimuthal average along the longitudinal axis of the incoming quark one obtains that its corresponding gluon emission probability reads [3] 
where θ is the angle of emission and θis the opening angle between the incoming and the outgoing quark which is related with the virtuality Q 2 of the off-shell particle (a photon in DIS) in the hard scattering. Eq. (7) indicates that the radiated gluon emissions will be confined in the cone with opening angle θalong the incoming or outgoing quark. This property is known as angular ordering. The procedure described in this section can be extended to higher orders and constitutes the basic building block for the construction of a coherent parton branching formalism [4] . In the previous section we gave a short overview of the main aspects of the radiation pattern in the absence of a medium. To include medium modifications to the radiation spectrum, we consider an asymptotic highly energetic quark produced in the remote past that suffers a hard collision at x + 0 and afterwards crosses a static QCD medium of finite size L + = √ 2L, L being the size of the medium. For simplicity, the QCD medium is placed exactly after the hard scattering at x + = x + 0 . Gluon radiation is emitted either before or after the hard scattering (see Fig. 1 for an illustration of the physical configuration under consideration).
III. RADIATION IN A QCD MEDIUM
In the semi-classical approach, the quark fields act as a perturbation around the strong medium field A med and the total field is written as
where A (0) is the gauge field of the quarks field in vacuum, Eq. (4), and A (1) is the response of the field at first order in A med . The medium gauge field is described by
is the static distribution of medium color charges that is treated as a Gaussian white noise. Notice that in this approximation A i med = A + med = 0 [22] . In Fourier space the medium gauge field reads
At first order in the medium field, the continuity relation for the induced eikonalized current becomes
where J + in,(0) and J + out,(0) are given by the expressions given in Eq. (3). The current J µ in, (1) for the incoming parton is
where
in and f abc is the SU (3) structure constant. An analogous expression is found for the current J µ out, (1) for the outgoing quark. After linearizing the CYM equations, the equation of motion for the transverse components of the induced gauge field
Now we focus in the contribution to the gluon emission scattering amplitude. For completeness, we calculate explicitly the contribution of the incoming quark. We omit the calculation of the amplitude associated to the outgoing quark whose details can be found in Refs. [12, 13] . As we shall show below, the radiative gluon emission associated to the outgoing quark turns out to be different to the one associated to the incoming quark.
The solution of Eq. (12) in Fourier space for the induced gauge field due the incoming quark, A − in, (1) , can be written as
where A i in,(0) (k) is identified with the incoming quark-induced vacuum field from Eq. (4),
Integrating out q − in Eq. (13) and imposing the condition that the medium starts at
On the other hand, the solution of the induced gauge field due to the outgoing quark reads [12, 13] 
Thus, using the reduction formula (2) together with Eqs. (15) and (16) we get the total scattering amplitude for gluon radiation off the incoming and outgoing quark:
modulo a phase that cancels in the cross section. Here we use the definition of the transverse component of the Lipatov vertex in the light cone gauge:L
We point out that the contribution of the incoming and the outcoming parton to the total gluon emission scattering amplitude is not the same. The difference between both contributions is due to the fact that gluons emitted by the outcoming parton are induced by the presence of the QCD medium, while gluons radiated by the incoming parton are created before the hard scattering and its encountering with the medium -thus the observed net effect after crossing the medium is the reshuffling of their momenta.
To evaluate the cross section we must average over the medium field and include the virtual corrections -the so-called contact terms [6, 7, 10] . To perform the medium average, we assume the usual approximation for the case of a single scattering center
is a Yukawa-type potential with a Debye mass m D and n 0 is the one-dimensional density that describes the distribution of the scattering centers along the QCD medium. The contact terms required by unitarity are the interferences between the gluon emission amplitude in vacuum and the one accompanied by two scatterings with the medium with no net momentum transfer. These can be added to the radiative cross section through a redefinition of the potential [10] . When calculating the radiative cross section in the light-cone gauge, the contributions to the gluon spectrum can be separated according to the position of the gluon emission vertex in the amplitude and its complex conjugate with respect to the photon vertex -the hard scattering. In our setup, we have three possible cases: (i) the independent gluon radiation off the outgoing quark, which corresponds to the square of the amplitudes with both emission vertices after the hard scattering; (ii) the independent gluon radiation off the incoming quark, which corresponds to the square of the amplitude where the emission vertex is before the hard scattering, so that the gluon entering the medium is fully formed; (iii) the inferences between the cases where the gluon vertex is before and after the hard scattering in amplitude and complex conjugate of the amplitude. Fig. 2 illustrates this classification in terms of Feynman diagrams [29] .
After squaring the amplitude and summing over the polarization vectors and considering the interferences, the spectrum of the medium-induced gluon radiation reads
where we defineq = α s C A n 0 m 2 D and set x + 0 = 0. The first line in Eq. (20) is the contribution to the gluon radiation spectrum off the incoming quark which corresponds to the bremsstrahlung of the accelerated charge which subsequently undergoes rescattering. The second line in Eq. (20) corresponds to emissions off the outgoing quark; it is identified with the so-called Gyulassy-Levai-Vitev (GLV) spectrum [10, 11] or equivalently, the first order in opacity of the Baier-Dokshitzer-Mueller-Peigné-Schiff-Zakharov-Wiedemann spectrum [6] [7] [8] [9] [10] . The novel contributions associated to interferences between both emitters are contained in the third line. Note that the interference terms show diverse phase structures, and that the interference contrbutions shows soft and collinear divergencies.
We observe that in the limit when the opening angle between both emitters vanishes (θ→ 0), the mediuminduced gluon spectrum (20) reduces to the well known Gunion-Bertsch (GB) result [23] . This is expected since the GB spectrum is the genuine induced emission due to a hard scattering of an asymptotic charge with the medium. Other important asymptotic limits of the gluon spectrum (20) are the incoherent, coherent and soft limit which we shall consider in the next section.
IV. ASYMPTOTIC LIMITS
In the previous section, we calculate the medium-induced gluon spectrum (20) by taking into account the independent emissions off either the incoming or outgoing parton as well as the interferences between them. The pattern of interferences between hard [30] and medium-induced emissions is complex so, to better elucidate its physics, we consider in this section three interesting asymptotic regimes, namely the incoherent, coherent and soft limits.
A. Incoherent limit
The GLV spectrum shows an interplay between hard and medium-induced gluon emissions. The phase achieved by color rotation relates the effective formation time of the emitted gluon τ f ∼ ω/(κ − q) 2 to the position of the interaction with the medium which is the main cause of interference between both mechanisms of emission. The spectrum reaches its maximum in the incoherent limit τ f ≪ L + where these mechanisms can be clearly separated since the phases cancels. In addition, this limit permits a clear probabilistic interpretation [10] .
When one takes the incoherent limit, τ f ≪ L + , the contribution with the cosines in Eq. (20) can be neglected and the spectrum can be written
where we use the definition of the transverse emission current (an identical definition follows for C(κ − q) by changing
Notice that the gluon spectrum in vacuum, Eq. (5), can be rewritten in terms of C(κ) 2 so this term takes into account the independent hard gluon emissions as well as their interferences. A similar interpretation applies for C(κ − q) 2 but by reshuffling the momenta of the emitted gluon due to the interaction with the medium.
The incoherent limit of the gluon spectrum given by Eq. (21) allows a similar probabilistic interpretation as in the case of the GLV spectrum but now including interferences. In this case, we observe two mechanisms of gluon radiation: The first term of Eq. (21) corresponds to the genuine medium-induced radiation of an asymptotic parton that suffers a scattering with the medium (GB). The two last terms corresponds to the the radiation pattern (5) (bremsstrahlung associated to the hard scattering) followed by the radiated gluon suffering a classical sequential process of rescattering with the medium. In addition, these two last terms include interferences among the incoming and the outgoing quarks alike.
B. Coherent limit
For large formation times τ f ≫ L + , the medium-induced gluon spectrum off a parton created at finite time is completely suppressed due to the LPM effect. When this limit is taken for the gluon spectrum (20) , the cosine does not oscillate so cos(L + /τ f ) → 1 and the gluon spectrum is further simplified to
The first two terms in (23) correspond simply to the reshuffling of the gluon emission off the incoming quark. The next two terms are interferences between the initial and final state. The fact that there is no contribution exclusively associated to the outgoing parton (GLV) is caused mainly by the destructive interferences between hard emissions and medium-induced emissions taking place completely inside the medium. So, in this case, the LPM effect becomes subleading and some of the interferences among the initial and final quarks remain [31] . In the coherent limit the position of the scattering center become 'close' to the hard production point where the medium starts and, thus, it looks as if the hard gluon radiated from the outgoing parton does not rescatter and it is produced completely outside the medium. This hard gluon produced outside the medium is precisely the one that interferes with any of the hard and medium-induced gluon emissions associated to the incoming quark.
C. Soft limit
The medium-induced gluon spectrum (20) can be further simplified in the soft limit ω → 0. In this limit, the dominating contributing terms of the radiative scattering amplitude |M| 2 are
From this result, we conclude that in the soft limit medium-induced gluon emissions contain the same structures as the vacuum ones, since the first term is identified with J /(4ω 2 ) while the second one corresponds to R in /(4ω 2 ) (see their definitions in Eq. (5)). Thus, in the soft limit, the medium-induced gluon spectrum can be written
that is the opacity expansion parameter i.e. the effective number of scattering centers. In the soft limit, the full gluon spectrum in the presence of a medium is dN tot | ω→0 = (dN vac + dN med )| ω→0 . Following a similar procedure as indicated in Sect. II, we separate the independent and the interference contributions to the incoming and the outgoing quark in such a way that the full gluon spectrum reads
In the absence of a medium, ∆ med → 0, one recovers the radiation pattern observed in vacuum, Eq.(5). In the opposite case of an opaque medium ∆ med → 1, there is a significant reduction of soft gluon radiation from the incoming parton which is in qualitative agreement with expectations from the saturation of partonic densities [25] . Notice that the bound ∆ med ≤ 1, although not evident in the first order in the opacity expansion, is given by unitarity. When multiple scatterings are considered we expect the soft gluon emission from the incoming quark to be exponentially suppressed [26] . In the soft limit, the full gluon spectrum (26) presents both soft and collinear divergences. The splitting of the gluon radiation into two components, Eqs. (27a) and (27b), allows not only a separation of the collinear divergences but also a simple and intuitive probabilistic interpretation. The first term P tot in is the gluon emission off the incoming quark reduced by the probability ∆ med that an interaction of the emitted gluon occurs inside the medium. After performing an azimuthal angle average, P tot in has the same angular ordering constraint as in the vacuum case i.e. the emitted gluons will be confined inside a cone with opening angle θaround the incoming quark but soft gluon radiation decreases by a quantity proportional to ∆ med . The second term P tot out accounts for the partial decoherence of the emitted gluon due to the scatterings with the colored medium. Such decoherence is measured by the probability of an interaction with the medium ∆ med . P tot out shows resemblance to the radiation pattern already observed for the antenna in the dilute regime case [12, 13] : the interaction with the medium opens the phase space for large angle emissions and there is a strict geometrical separation between vacuum and medium-induced radiation, a property called antiangular ordering there [12, 13] .
The soft limit remains valid for a range of finite gluon energies as far as ωθ, k ≪ m D . Hence, the analysis for finite values of gluon energy involves two regimes related with the relevant scales of the problem, the opening angle θbetween the incoming and the outgoing parton and the typical transfer momentum |q| ∼ m D to the medium. So one has either θm D /ω or θm D /ω. Numerical and analytical studies for finite gluon energies in the dilute regime case will be presented in a separate publication [27] .
V. SUMMARY AND OUTLOOK
In this work we have studied the interference pattern between initial and final radiation in a QCD medium. We derive an analytic expression for the medium-induced gluon spectrum of an asymptotic parton created in the remote past which suffers a hard collision and subsequently crosses a QCD medium. The medium-induced gluon spectrum has three contributions: the independent gluon emissions associated to the incoming and outgoing parton, and the interference terms between both emitters. The angular distribution of gluon emission results affected by the presence of these interferences between the emitters when one compares with the radiation pattern in the vacuum.
We examine the incoherent, coherent and soft limits of the medium-induced gluon spectrum. For the incoherent limit τ f ≪ L + , the gluon spectrum allows a similar probabilistic interpretation to the spectrum of a parton formed at finite time (GLV), but now it becomes generalized by including interferences among the two emitters. In the coherent limit τ f ≫ L + , the GLV contribution is cancelled due to the LPM effect, but some of the interferences remain as well as the classical broadening contribution associated exclusively to the initial state. In the soft limit, the radiation pattern of the full gluon spectrum retains certain vacuum-like structures which enable a simple and intuitive probabilistic interpretation. In this soft limit, the two main features of the full gluon spectrum are: (i) gluon emissions from the initial state are reduced by a quantity which depends on the medium properties ∆ med ∼q/m 2 D but, as in vacuum, gluon radiation is confined inside the cone defined by the opening angle θalong the incoming quark and (ii) the final state emissions lose totally their vacuum coherence characteristics once in the medium i.e. large angle emissions (antiangular ordering) arise from the medium-induced coherent radiation between both emitters. Similar properties for the final state were already pointed out for theantenna in the dilute regime case [12, 13] .
The setup studied in this work shows in a transparent manner how the interferences affect the angular distribution of the gluon radiation under the presence of a QCD medium. Note that, as previous studies in vacuum and medium, the results presented here for the t-channel exchange of a color singlet object hold, in the soft limit, for arbitrary color representations. In this way, they are applicable to medium-induced soft gluon production for any t-channel hard scattering. The possible phenomenological consequences of our findings can be considered at two levels: First, at the level of the inclusive spectra of produced gluons, the opening of phase space for large angle soft emissions -evident in the soft limit -should lead to an increase of soft hadron multiplicities. Second and at a more fundamental level, the presence of non-vanishing interferences between initial and final state radiation questions the validity of usual collinear factorization in high-energy collisions involving a QCD medium. Even in the soft limit where factorization seems to be restored, the results (26), (27a), (27b) are strongly suggestive of a modification of the quantum evolution of partonic densities inside nuclei. Therefore, this study constitutes a starting point for the proper inclusion of initial state radiation effects and the study of coherence effects on observables sensitive to initial state radiation in protonnucleus, nucleus-nucleus or lepton-nucleus collisions, as well as for the improvement of Monte Carlo models for particle production in collisions involving spatially extended QCD media. All these aspects deserve further investigation that we plan to address in the future.
